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Abstract—It is often required to determine the sample size before engaging into studies. The rules for finding
the required sample size are discussed by experts in sufficient detail both in fundamental domain, in engineer-
ing, economics and management, medicine, sociology, etc. At the same time sometimes only specific formu-
lations of the problem are addressed lacking the substantiation of required sample size. Without solid ground
these estimates can be erroneous. We examine the issue of applying the methods to calculate the required
sample size available today and justify the corresponding algorithms from the standpoint of modern applied
mathematical statistics. As many as four approaches are considered. The first model has the sample size
determined using available resources (material, financial, personnel, etc.) that are sufficient to obtain the
sample data (measurements, observations, analyses, experiments, tests, and surveys). The second method
explores the issue of estimating the theoretical parameters of a random variable. The required sample size is
determined through the specified estimation accuracy which implies the mean half-width of the confidence
interval. The third approach is based on the theory of statistical hypothesis testing. Under this we mean
selecting from the null and alternative hypotheses based on the level of significance and the strength of test
criterion. One-sided alternatives are discussed in detail. The fourth technique is developed within the frame-
work of the interval data statistics. It is based on the principle of equating the statistical and metrology errors.
Based on the known accuracy of the initial measurements, we determine the rational sample size, which is
considered sufficient under existing conditions. We analyze the rules to calculate the required sample size to
estimate probabilities and mathematical expectations as basic examples. Limit theorems of probability theory
and mathematical statistic tools are used as a base. It is promising to explore the rate of convergence in the
obtained asymptotic expressions and consider the finite sample sizes in further research.
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of interval data, limit theorems
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INTRODUCTION

When conducting scientific and practical work, an
integral part of which deals with the statistical analysis
of data, quite often the researchers are confronted with
the issue: what sample size should be chosen? Numer-
ous approaches have been suggested to handle this
issue and we will explore it here in a granular manner.

We discuss four approaches. The first one provides
for determining the sample size based on available
resources to proceed with measurements, observa-
tions, analyses, experiments, tests, and surveys. The
second method is based on estimating the theoretical
characteristics of a random variable. The required
sample size is determined through specified estima-
tion accuracy, which is understood as a half-width of
the confidence interval. The third approach is hinged
on the theory of statistical hypothesis testing. It boils
down to choosing between the null and alternative
hypotheses based on the given significance level and
the strength of a particular statistical test. The fourth

approach was developed within the framework of
interval data statistics, which is a part of non-numeri-
cal data statistics and systemic fuzzy interval mathe-
matics. A general approach based on the principle of
equalizing statistical and metrological errors was con-
sidered. The rational sample size, which is necessary
from the considered point of view, is determined by
the known accuracy of the initial measurements.

The basic examples are given for calculating the
required sample size when studying probability values
and mathematical expectations. We use the limit the-
orems of probability theory and mathematical statis-
tics here as a basic mathematical apparatus.

Studies Addressing the Issue of Sample Size
The rules of making above choice are discussed in

the works of specialists in various areas of science,
engineering and technology [1–4], economics and
management [5–8], biology [9], sociology [10], lin-
guistics [11] and others. The impressive scope of mate-
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rial is gathered in medical research [12–14], since col-
lecting and analyzing statistical data makes an inher-
ent part of medical survey. Teams of scientific workers
[15–17] and individual researchers (see series of works
by G.P. Tikhovoy [18, 19] and M.I. Shpitonkov [20,
21]) specialize in developing recommendations for
determining the sample sizes, which is indicative of
demand to provide these recommendations. On the
other hand, almost all the work of specialists in the
area of working out recommendations on estimating
the required sample size has certain shortcomings.

It should be mentioned that almost all efforts to
specify the required sample size have certain f laws
making conclusions obtained less reliable. Electronic
and published reports are often incomplete and/or
feature inaccuracies and errors. Usually, only individ-
ual specific formulations of the problem are consid-
ered, and certain recommendations are given on
selecting the sample size without proper justification.
Moreover, in several cases these conclusions are erro-
neous. Even the highest quality research fell short on
solving the issue of determining the correct sample
size. Thus, in [4], only the approach based on a half-
width of the confidence interval is analyzed, whereas
[22] analyzes the issue from the standpoint of hypoth-
esis testing theory.

At the same time, it should be admitted that math-
ematicians have overlooked this issue although it is
very important for practice. No approach has been
developed or explored, no method has been proposed
to estimate the sample size.

We provide exact formulation of the methods to
calculate the required sample size and justify the cor-
responding algorithms from the standpoint of modern
applied mathematical statistics. The mathematical
apparatus is based on the limit theorems of probability
theory and on mathematical statistics. We will con-
sider the four approaches mentioned in the introduc-
tion section.

Required Sample Size under Limited Resources

From the point of view of classical mathematical
statistics, the answer is quite clear: the larger the sam-
ple size, the better. However, in practice, we have to
account for the funds required to collect the data,
because as the sample size increases, the rate of grow-
ing accuracy of the estimate is coming down. Thus,
when the sample size grows as a factor of k, the stan-
dard deviation from the estimated parameter decreases
only by 1/ . The sample size has to be chosen based
on a compromise between the accuracy and the cost of
the research. For example, in sociology, the number of
respondents polled is usually no higher than a few
thousand (usually 500 – 1000) [23].

k

Required Sample Size in Probability Estimates
As already mentioned, the required sample size can

be found by specifying the accuracy of statistical con-
clusions. According to [23, 24], one should start by
choosing a probabilistic-statistical model. Let the
analyzed data X1, X2, …, Xn be considered a sample,
i.e., a set of independent (in total) identically distrib-
uted random variables. Let the sample elements take
only two values (0 and 1, for example, 0 when the com-
ponent made is good and 1 when it is faulty). Let’s
denote the probabilities P(Xi = 1) = p, P(Xi = 0) = 1 –
p. We should estimate the fraction p of responses 1 in
the general total (the share of defective components).
For an unknown parameter p the confidence interval
(pn, pv) can be derived based on the sample size n and
the number of responses 1 in the sample, equal to X1 +
X2 + … + Xn = X, as follows [23]:

(1)

where pn is the lower confidence limit; pv is the upper
confidence limit; p* = X/n is the share (the number of
responses 1 in the sample); γ is the confidence proba-
bility;

is the coefficient corresponding to the confidence
probability (Φ–1(x) is the inverse of the standard nor-
mal distribution function (with a mean of 0 and a vari-
ance of 1)). Typically, a confidence probability of γ =
0.95 is used, so C(γ) = C(0.95) = 1.96.

Note. The formulas (1) are derived in [23] based on
Moivre–Laplace theorem under the assumption of an
infinite growth in the sample size. When solving prac-
tical problems, it is usually assumed that this condition
is met when a sample size n ≥ 10.

Let the required accuracy of estimating the proba-
bility p be given by Δ. This means that the confidence
interval should be completely contained within the inter-
val (p* – Δ; p* – Δ). According to the formulas (1), this
means that the following inequality should be satisfied

(2)

We obtain from formula (2)

(3)

(since the sample size is a natural number, the right-
hand side of the inequality in formula (3) should be
increased to the nearest integer).

The formula (3) cannot be directly applied to
determine the sample size because p* = X/n, i.e., we
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should know the sample size to apply this formula.
There are two ways to overcome this difficulty. Firstly,
the value of p* can be estimated from the results of pre-
vious studies or from the analysis of a small prelimi-
nary sample. Secondly, one can use the fact that
p*(1 – p*) ≤ 1/4, with equality achieved when p* =
1/2. Therefore, instead of (3), we can use the formula

(4)

We already mentioned that the value of the confi-
dence probability most frequently used is γ = 0.95 we
have C(γ) = 1.96, and this value can be replaced with 2
with sufficient accuracy for practice, we obtain for-
mula (4) in the form

(5)
According to formula (5), for estimating the prob-

ability with an accuracy of ±10% (i.e., Δ = 0.1) the
required sample size equals 100 and estimating with an
accuracy of ±5% (i.e., Δ = 0.05) already requires as
many as 400 observations.

It is clear that formula (4) gives overrated volumes for
probabilities other than 1/2. For example, if the probabil-
ity estimate is about 0.1 (or 0.9), then p*(1 – p*) is not
0.25, but 0.09, therefore, the required sample size
according to formula (3) is reduced by 0.25/0.09 = 2.78
times compared to the right-hand side of formula (4).

Sample Size to Estimate the Mathematical Expectation
The model predicts that the sample elements X1,

X2, …, Xn are independent identically distributed ran-
dom variables. Since the variables have equal distribu-
tion their mathematical expectations coincide, as do
their variances: M(Xi) = a, D(Xi) = σ2, i = 1, 2, …, n.
The point estimate of the mathematical expectation is
the sample mean

and the confidence interval (an, av) for the expected
value a can be expressed as follows [23]:

where

is the sample standard deviation (i.e., the statistical
estimate of the theoretical standard deviation σ).

The analog of formula (2) is the ratio
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Therefore, the required sample size is the mini-
mum n such that

(6)

Similar to the probability estimation, we are faced
with a problem since the value of the sample variance
s2 should be known before making measurements.
This value can be estimated using previous studies or
from the analysis of a small size preliminary sample.

The technical specifications of the measuring
instrument usually specify the value of random error as
its standard deviation σ. In this case, instead of (5), we
can use the formula

As with probability estimation, the confidence
probability γ = 0.95 is usually used when C(γ) = 1.96.
Occasionally the theoretical accuracy is indicated as
a ± σ, which corresponds to the sample estimate  ± s.
In this case, C(γ) = 1.00, i.e. γ = 0.68.

We considered two estimation tasks. Many other
estimation tasks are used in applied statistics. In all
these tasks, the required sample size is found by equat-
ing the half-width of the symmetric confidence inter-
val to the specified accuracy.

The Required Sample Size to Test a Statistical 
Probability Hypothesis

The construction of a probabilistic-statistical
model [23, 24] begins with formulating two hypothe-
ses—the null H0 and the alternative H1. Let’s consider
two typical formulations.

If random variables take two values, then the prob-
abilistic-statistical model is described by two parame-
ters: by the sample size n and by the probability of a
certain value p.

Task 1. Let hypotheses be given

(7)

Consider a random variable X that has a binomial
distribution with parameters n (sample size) and p
(probability of having a certain value). Based on X and
n, a decision should be made about which of the two
hypotheses is correct. For example, in statistical qual-
ity control ([25], Ch. 10), based on the sample size and
the number of defective units in it, it is necessary to
determine the share of defective units in the batch p0 or
p = p1.
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Task 2. The second formulation deals with the
mathematical expectation M(X) of a random variable X.
Hypotheses are given:

(8)

Based on the sample X1, X2, …, Xn a decision should
be made as to which of the two hypotheses is correct.
For example, in the statistical control of technological
processes using the Shewhart control chart method,
the hypothesis H0 corresponds to the correct process
state, and the hypothesis H1 corresponds to disorga-
nized process ([25], Ch. 10).

Statistical criteria [23] are used to test the statistical
hypotheses, i.e., functions of statistical data (specifi-
cally: the sample size and the number of defective
units—in task 1 and X1, X2, …, Xn—in task 2). Each sta-
tistical test has two types of errors: a type I error (the
probability that the null hypothesis is rejected when it
is true) and a type II error (the probability that the null
hypothesis is not rejected when the alternative
hypothesis is true). The probability of a type I error is
usually denoted by α, and the probability of a type II
error is denoted by β. The value of α is called the sig-
nificance level of the statistical test, and the value of
(1 – β) is called the strength of the test. The signifi-
cance level is set by the researcher, and is usually set at
α = 0.05. The required sample size is found by setting
the desired strength of the test.

It is recommended [23] to apply the statistics crite-
rion to test the null hypothesis (8) in task 1 that is
based on statistics

As follows from the Moivre–Laplace theorem, if
the null hypothesis is true, then for growing sample
size the distribution of this statistics converges to a
standard normal distribution with mathematical
expectation 0 and variance 1:

(9)

The rule for making a decision based on the value
of Y depends on the assumptions about the alternative
hypotheses.

If it is not known in which direction the deviation
from the null hypothesis can be expected (i.e., if it is
not known which value is larger p0 or p1 a two-sided
alternative is considered), then the rule to take deci-
sion is as follows [23]: if |Y| ≤ k(α), then the null
hypothesis is accepted, if |Y| > k(α), then the null
hypothesis is rejected and the alternative is accepted.
Here, the coefficient k(α) depends on the significance
level α. It is determined from the condition P(|Y| >
k(α)) = α. If the null hypothesis is true, then in the
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case of |Y| > k(α), we make a type I error. From (9) it
follows that

(for a sufficiently large sample size). Therefore,

If α = 0.05, then k(α) = 1.96.
Yet, in practice, the problem of hypothesis testing (7)

is often considered when the probabilities p0 and p1 are
known. Let p1 > p0 for the definiteness, i.e. consider a
one-sided alternative. Then it is natural to use a differ-
ent decision rule: if Y ≤ m(α), the null hypothesis is
accepted, if Y > m(α), then the null hypothesis is
rejected and the alternative is accepted. Here m(α) is a
coefficient that depends on the significance level α. It
is determined from the condition P(Y > m(α)) = α. If
the null hypothesis is true, then in the case of Y > m(α)
we make a type I error. From (9) it follows that P(Y >
m(α)) = 1 – Φ(m(α)) (for a sufficiently large sample
size). So,

If α = 0.05, then m(α) = 1.64.
Let us proceed to study the strength of the test. It is

equal to the probability that the null hypothesis is
rejected under the alternative hypothesis being true.
The identity holds

from which it follows

Consider the case of a one-sided alternative p1 > p0.
Let us introduce the notation:
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Since the random variable Y has a binomial distri-
bution with parameter p = p1. Then, as the sample size
grows, the distribution of the centered and normalized
random variable

Approaches the distribution of a random variable Z
having a standard normal distribution with mean 0
and variance 1. The distribution of Y converges to the
distribution of W = AZ + B , which allows us to cal-
culate the strength of the statistical test in question.
Since P(Y > m(α)) = P(AZ + B > m(α)), the
(asymptotic) strength

Consequently,

The reasoning for the two-tailed alternative
hypothesis is similar.

Let’s consider an example. Let p0 = 0.1 and p1 =
0.5. The required sample size

Since the sample size is a natural number, round-
ing up 19.14 to the nearest natural number, we get that
the required sample size is 20.

Sample Size Required to Test a Statistical Hypothesis 
about the Mathematical Expectation

In the problem statement above, 2 hypotheses H0
are given: M(X) = a0. H1: M(X) = a1. Based on the sam-
ple X1, X2, …, Xn a decision should be made as to which
of the two hypotheses is correct. The probabilistic-sta-
tistical model is usually adopted [23, 24], according to
which, if the null hypothesis H0 is true, sample elements

have a distribution function f(x) with variance . And if
the alternative hypothesis H1 is true the distribution

function is different G(x) and it has variance . If,
however, the same measuring instrument is used in
both cases to determine the value of the controlled
parameter, then it is assumed that σ0 = σ1 and the dis-
tribution functions f(x) and G(x) differ only by a shift.
For mathematical rigor, we assume that the first three
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central moments exist, and therefore the Central
Limit Theorem (CLT) of probability theory holds for
both hypotheses.

The test statistics for testing the null hypothesis
according to [23] is given by

where s is the sample standard deviation. According to
the CLT, the distribution of the statistics Y converges
to a standard normal distribution with mean 0 and
variance 1 as the sample size grows. As is often the case
in practice [25], let it be known that a0 is less than a1,
i.e. the deviation can only grow. In this case, the deci-
sion rule corresponding to significance level α is as
follows: if Y ≤ q(α), then the null hypothesis is
accepted, if Y > q(α), then the null hypothesis is
rejected and the alternative is accepted. Here, under
the null hypothesis, P(Y > q(α)) = 1 – P(Y ≤ q(α)) =
α. According to the Central Limit Theorem 1—
Ф(q(α)) = α, Ф (q(α)) = 1 – α, q(α) = Ф–1(1 – α).
For the most common value of the significance level
α = 0.05, we have q(0.05) = Φ–1(0.95) = 1.64.

The equality holds

(10)

The distribution of the first term in (10) converges
to the distribution of a standard normal random vari-
able W. For the second, the limiting relation holds

(11)

Therefore, the distribution of Y converges to the
distribution of a random variable W = Z + B .

According to (10) and (11), we find the strength of
the test. If the alternative hypothesis is true and the
sample size is large enough

The required sample size for a given test strength is
found from the equation 1 – Φ(q(α) – B ) = 1 – β.
It follows that
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If we assume the significance level to be 0.05 and
the probability of the second kind error to be 0.01, then
Ф–1(0.01) = –2.33 and

(12)

Let’s consider a numerical example. Let the differ-
ence in mathematical expectations a1 – a0 be equal to
1.0 and the standard deviation under the validity of the
alternative hypothesis σ1 be equal to 1.5. Then B =
1.0/1.5 = 0.67 and using formula (12) we find n = 41.4.
Since the sample size is a natural number, then,
rounding up 41.4 to the nearest natural number, we get
that the required sample size is 42.

The reasoning for the two-tailed alternative
hypothesis is similar.

Estimating Sample Size Using Interval Data Statistics
A number of methods for calculating the required

sample size based on the width of the confidence
interval, significance level, and test strength have been
presented above. The choice of specific values for
these characteristics is made when formulating the
problem and is, therefore, largely subjective. The
method based on interval data statistics, incorporating
metrological considerations proves to be interesting
and useful.

If the accuracy of the measurements is known,
interval data statistics can answer the question about
the required sample size ([23], Ch. 12). It is based on
the equal error principle, according to which the sta-
tistical error should be equal to the metrological one.
The statistics of interval data corresponds to the new
paradigm of applied statistics [26].

In various problems of mathematical statistics, we
usually start from the basic concept of a sample X1, X2,
…, Xn and consider the values of certain functions f(X1,
X2, …, Xn) of the sample elements. In the interval data
statistics, the inevitable measurement errors are
explicitly taken into account. These errors require pro-
cessing not the elements of the sample Xi, but distorted
values Yi, i = 1, 2, …, n, and, therefore, statistical con-
clusions are made not on the basis of f(X1, X2, …, Xn),
but on the basis of the distorted f(Y1, Y2, …, Yn). Here
Yi = Xi + εi, i = 1, 2, …, n, where ε = (ε1, ε2, …, εn) is
the error vector.

The case is important when |εi| ≤ Δ, i = 1, 2, …, n
where the notation Xi ± Δ applies. It means that the
unknown true value of the sample element belongs to
the (closed) interval [Xi – Δ, Xi + Δ]. The sample ele-
ments are not numbers Xi, i = 1, 2, …, n, but intervals
[ai, bi], i = 1, 2, …, n, where ai = Xi – Δ, bi = Xi + Δ.
The methods to process these interval data are
addressed in the statistics of interval data ([23],

( ) σ+= = =
−

22
1

2 2
1 0

18.41.96 2.33 18.4 .
( )

n
B B a a
Ch. 12)—a relatively new area of modern applied
mathematical statistics (it has been developed since
the 1980s, while classical mathematical statistics was
formed by the middle of the 20th century).

For the study of the properties of statistical data
analysis methods (specifically for interval data statis-
tics), the basic concept of notna (the maximum possi-
ble deviation) is of great importance.

here the supremum is taken over the set of all possible
errors ε = (ε1, ε2, …, εn).

If all errors satisfy the constraint |εi| ≤ Δ and the
maximum possible error Δ is small, then for a suffi-
ciently smooth function f(X1, X2, …, Xn) (it is sufficient
for this function to have second continuous partial
derivatives) up to higher-order infinitesimals, the
equality holds true

(13)

In terms of metrology f(X1, X2, …, Xn) this is an
indirect measurement based on direct measurements
of Xi, i = 1, 2, …, n. The error of indirect measurement
is equal to Nf(X1, X2, …, Xn), in other words, the result
of indirect measurement has the form f(X1, X2, …, Xn) ±
Nf(X1, X2, …, Xn).

The formula (13) allows to find the error of indirect
measurement. When solving data analysis problems, it
can usually be proven that there is a limit

where C is some positive constant, its own for each
problem under consideration. Then, for sufficiently
large sample sizes n, the notna is equal to CΔ. There-
fore, the error in calculating the statistics f(X1, X2, …,
Xn) does not tend to 0. It follows that there are no valid
estimates (in terms of classical mathematical statistics)
existing in interval data statistics.

When the common statistical methods are used,
the considered statistic f(X1, X2, …, Xn) is asymptoti-
cally normal in the majority of cases, i.e. there are
constants a and σ such that
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where Φ(x) is the standard normal distribution func-
tion with mean 0 and variance 1. Usually, the limiting
relations are satisfied

According to them, in classical mathematical sta-
tistics, the average square error of the considered sta-
tistical estimate is

(14)

to an infinitesimal of a higher order.
In the statistics of interval data (which takes into

account the presence of observation errors), instead of
formula (14) for the square of the error, we usually
obtain the expression

(15)

where the supremum is taken over the set of all possi-
ble errors ε = (ε1, ε2, …, εn). The first term on the right-
hand side of (15) corresponds to the statistical error,
and the second—to the metrological one.

According to (15), as the sample size increases, the
average square of the error does not tend to 0 (as in
classical mathematical statistics), but always remains
greater than some positive constant (namely, the
square of the notna). Therefore, there is no point in
increasing the sample size without limit. According to
the theory of stability of economic-mathematical
methods and models [27], we use the principle of error
equalization here, according to which it is advisable to
equalize the values of different errors. Applied to (15),
the principle of error equalization leads to the rela-
tionship

(16)
Formula (16) allows finding the required sample

size:

(17)

For practical application of formula (17), it is nec-
essary to replace the theoretical values of the variance σ2

in considered statistics f(X1, X2, …, Xn) and the square

of its notna  (X1, X2, …, Xn) using sample data esti-
mates. The calculation algorithms are developed for
solving various problems of applied statistics: for esti-
mating the characteristics and parameters of distribu-
tions, for hypothesis testing, linear regression analysis,
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discriminant analysis, cluster analysis, as well as for
estimating the errors of the characteristics of financial
f lows of investment projects [23]. As for the statistics
of interval data, formula (17) defines the rational sam-
ple size. This term is used in the same sense as the term
necessary sample size used in this paper.

As an example, let’s calculate the required sample
size for estimating the sample X1, X2, …, Xn for mathe-
matical expectation of its elements using the sample
arithmetic mean. In this case

Since

then according to formula (13) the notation of the
sample mean is

Following the Central Limit Theorem of probabil-
ity theory

Therefore, the required sample size is

(18)

For example, if σ = 1, Δ = 1/6 (i.e. the standard
deviation of the measurement result is six times the
measurement precision), then the required sample
size is 36. If the measurement precision improves, i.e.
Δ decreases, then according to (18) the required sam-
ple size increases. And, conversely, when using a mea-
suring instrument with low precision (i.e., with a large Δ),
it is sufficient to use a small sample size. If the theoret-
ical variance σ2 used in formula (18) is unknown, then
it should be estimated either from previous studies of
the same phenomenon or process, or using the sample
variance found from a small sample size.

CONCLUSIONS
The research dealing with gathering and analyzing

the statistical data quite often involves the issue of
what sample size should be used. We developed rules
for calculating the required sample size using an
example of studying the values of probabilities and
mathematical expectations of a random variable. For
each of these statistical tasks, two approaches were
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proposed within the framework of classical mathe-
matical statistics. The first one considers tasks of sta-
tistical estimation with a given accuracy, which is
understood as a half-width of the confidence interval.
The second deals with the verification of statistical
hypotheses and with choosing between the null and
alternative hypotheses based on the given significance
and the strength of the statistical criterion.

If the accuracy of the measurements is known, then
the statistics of interval data allows to answer the ques-
tion about the required sample size. A general
approach based on the principle of equalizing the
indicators of statistical and metrological errors was
addressed. The mathematical expectation estimation
was analyzed as an example of applying this approach.

In further research, it is advisable to study the con-
vergence rate of obtained asymptotic expressions, in
other words, to consider finite sample volumes. The
method of statistical tests (proposed in [28]) can be
instrumental in estimating the errors of the limit theo-
rems obtained.
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